I give a proof of the uniform boundedness theorem that is elementary (i.e., does not use any version of the Baire category theorem) and also extremely simple.
Lemma. Let T be a bounded linear operator from a normed linear space X to a normed linear space Y . Then for any x ∈ X and r > 0, we have sup
where B(x, r) = {x ′ ∈ X : x ′ − x < r}.
Proof. For ξ ∈ X we have
where the second ≥ uses the triangle inequality in the form α − β ≤ α + β . Now take the supremum over ξ ∈ B(0, r).
Proof of the uniform boundedness theorem. Suppose that sup T ∈F T = ∞, and choose (T n )
Then set x 0 = 0, and for n ≥ 1 use the lemma to choose inductively x n ∈ X such that x n − x n−1 ≤ 3 −n and T n x n ≥ 2 3 3 −n T n . The sequence (x n ) is Cauchy, hence convergent to some x ∈ X; and it is easy to see that x − x n ≤ 1 2
3
−n and hence T n x ≥ 1 6
Remarks. 1. As just seen, this proof is most conveniently expressed in terms of a sequence (x n ) that converges to x. This contrasts with the earlier "gliding hump" proofs, which used a series that sums to x. Of course, sequences and series are equivalent, so each proof can be expressed in either language; it is a question of taste which formulation one finds simpler.
2. This proof is extremely wasteful from a quantitative point of view. A quantitatively sharp version of the uniform boundedness theorem follows from Ball's "plank theorem" [1] : namely, if ∞ n=1 T n −1 < ∞, then there exists x ∈ X such that lim n→∞ T n x = ∞ (see also [15] ).
3. A similar (but slightly more complicated) elementary proof of the uniform boundedness theorem can be found in [6, p. 83].
4. "Gliding hump" proofs continue to be useful in functional analysis: see [20] for a detailed survey.
5. The standard Baire category method yields a slightly stronger version of the uniform boundedness theorem than the one stated here, namely: if sup T ∈F T x < ∞ for a nonmeager (i.e., second category) set of x ∈ X, then F is norm-bounded.
6. The uniform boundedness theorem has generalizations to suitable classes of non-normable and even non-metrizable topological vector spaces (see, e.g., [19, pp. 82-87] ). I leave it to others to determine whether any ideas from this proof can be carried over to these more general settings.
7. More information on the history of the uniform boundedness theorem can be found in [4, 
